We investigate the possibility of using the cross-correlation of the Lyman-α forest and redshifted 21-cm emission to detect the baryon acoustic oscillation (BAO). The standard Fisher matrix formalism is used to determine the accuracy with which it will be possible to measure cosmological distances using this signal. Earlier predictions [1] indicate that it will be possible to measure the dilation factor D V with 1.9% accuracy at z = 2.5 from the BOSS Lyman-α forest auto-correlation. In this paper we investigate if it is possible to improve the accuracy using the cross-correlation.
quasars. The Poisson noise arising from this discrete sampling is an important factor in limiting the accuracy to which the three dimensional auto-correlation power spectrum can be estimated from a given survey. This limit depends on the mean quasar number density and the signal to noise ratios (SNR) of the individual quasar spectra which varies from quasar to quasar [11] . Both of these are usually predetermined once the survey instrument and observational strategy are fixed, and it is typically not possible to improve these values further for a given survey. In contrast, the redshifted 21-cm signal is sensitive to the HI distribution in the entire field of view. The accuracy to which the auto-correlation power spectrum can be estimated is determined by the configuration of the radio-interferometric array and the system noise. It is, in principle, possible here to scale up the array and increase the observation time to reduce the system noise to a level where it is possible to measure the HI power spectrum at an accuracy that is comparable to the cosmic variance limit. The redshifted 21-cm signal, however, is buried in foregrounds from other astronomical sources like the galactic synchrotron emission, extra-galactic point sources, etc. Removing these foregrounds which are several orders of magnitude larger than the signal, poses a great challenge for detecting the post-reionization HI power spectrum [12, 13] . The foregrounds in the redshifted 21-cm emission will not be correlated with the Lyman-α forest. We therefore expect the foreground problem to be much less severe for the cross-correlation signal. In fact, any residual foreground after subtraction will only contribute to the variance of the crosscorrelation signal. This is the key advantage of using the cross-correlation in comparison to the redshifted 21-cm auto-correlation. Comparing to the Lyman-α forest auto-correlation, the accuracy to which it is possible to estimate the cross-correlation power spectrum also is limited by the discrete QSO sampling. This dependence, however, is weaker for the cross-correlation as compared to the auto-correlation. Given a Lyman-α forest survey, it may be possible to suitably design redshifted 21-cm observations such that the cross-correlation provides a more accurate estimate of the power spectrum in comparison to the Lyman-α forest auto-correlation. These two features, namely less severe foreground problems compared to the 21-cm auto-correlation and the prospects of improving the SNR compared to the Lyman-α forest auto-correlation, provide motivation for considering the cross-correlation as a probe of the cosmological power spectrum.
Cosmological density perturbations drive acoustic waves in the primordial baryon-photon plasma which are frozen once recombination takes place at z ∼ 1000, leaving a distinct oscillatory signature on the CMBR anisotropy power spectrum [14] . The sound horizon at recombination sets a standard ruler that maybe used to calibrate cosmological distances. Baryons contribute to 15% of the total matter density, and the baryon acoustic oscillations are imprinted in the late time clustering of non-relativistic matter. The signal, here, is however suppressed by a factor ∼ Ω b /Ω m ∼ 0.1, unlike the CMBR temperature anisotropies where it is an order unity effect [15] . The baryon acoustic oscillation (BAO) is a powerful probe of cosmological parameters [16, 17] . This is particularly useful since the effect occurs on large scales (∼ 150 Mpc), where the fluctuations are still in the linear regime. It is possible to measure the an-gular diameter distance D A (z) and the Hubble parameter H(z) as functions of redshift using the the transverse and the longitudinal oscillations respectively. These provide means for estimating cosmological parameters and placing stringent constraints on dark energy models. Several groups have considered the possibility of detecting the BAO signal using redshift 21-cm emission [18] [19] [20] . Recently the BAO has been precisely measured at z ∼ 0.57 [21] using the galaxies in the SDSS III Baryon Oscillation Spectroscopic Survey (BOSS; [1] ). The possibility of detecting the BAO signal in the Lyman-α forest has been extensively studied [22] . The BAO has recently been detected at z ∼ 2.3 [23, 24] using the BOSS Lyman-α forest data. The combination D 0.2 A H −0.8 has been measured at a precision of 3.5%. The data used in these works covers about one-third of the ultimate BOSS footprint.
The projected results for BOSS [1] predict that at the end of the survey the overall dilation factor D
2/3
A H −1/3 shall be measured from the Lyman-α data at an accuracy level of 1.9% at z ∼ 2.5. In this paper we investigate the possibility of improving the accuracy of the distance estimates by measuring the cross-correlation of the BOSS Lyman-α data with redshifted 21-cm maps. We propose a possible radio-interferometric array configuration and discuss the observational strategy required to achieve this. The possibility of detecting the BAO using the cross-correlation signal has also been discussed in an earlier work [25] which investigates the possibility of detecting the BAO oscillatory feature in the cross-correlation multi-frequency angular power spectrum in the transverse and radial direction. The present work looks at the three dimensional cross power spectrum and makes predictions for the cosmological distance measures using a Fisher matrix analysis.
A brief outline of the paper follows. In Section 2 of this paper we quantify the cross-correlation between the Lyman-α forest and the 21-cm emission. In Section 3 we introduce an estimator for the cross-correlation signal and derive its statistical properties. In Section 4 we consider the imprint of BAO on the cross correlation signal and set up the Fisher matrix for theoretically estimating the accuracy to which it will be possible to measure D A (z) and H(z). In section 5 we present several observational considerations and the strategy for measuring the cross-correlation signal. Finally, in Section 6 we present theoretical prediction of the accuracy at which it will be possible to measure D A and H(z). We have used a reference cosmological model with cosmological parameters (Ω m h 2 , Ω b h 2 , Ω Λ , h, n s , σ 8 ) = (0.136, 0.023, 0.726, 0.705, 0.97, 0.82) [15] throughout this paper.
The Cross-correlation Signal
We quantify the fluctuations in the transmitted flux F(n, z) along a line of sight n to a quasar through the Lyman-α forest using δ F (n, z) = F(n, z)/F − 1. For the purpose of this paper we are interested in large scales where it is reasonable to adopt the fluctuating Gunn-Peterson approximation [9, [26] [27] [28] . This relates the transmitted flux to the matter density contrast δ as F = exp[−A(1 + δ) κ ] which does not include redshift space distortion, and therefore gives only a rough picture. Here A and κ are two redshift dependent quantities. The function A is of order unity [29] and depends on the mean flux level, IGM temperature, photo-ionization rate and cosmological parameters [28] , while κ depends on the IGM temperature density relation [30, 31] . For our analytic treatment of the Lyman-α signal, we assume that the measured fluctuations δ F have been smoothed over a sufficiently large length scale such that it is adequate to work with only a linear term δ F ∝ δ [9, 27, 28, [32] [33] [34] which incorporates redshift space distortion and a possible bias (eq. 2.1). The terms of higher order in δ are expected to be important at small length scales which have not been considered here.
We use δ T (n, z) to quantify the fluctuations in T (n, z) the brightness temperature of redshifted 21-cm radiation. In the redshift range of our interest (z < 3.5), it is reasonable to assume that δ T (n, z) traces δ with a possible bias [8, 10] . The bias is expected to be scale dependent below the Jeans length-scale [35] . General non-linearity shall also make the bias scale dependent and further, fluctuations in the ionizing background also give rise to a scale dependent bias [36, 37] . This bias is moreover found to grow monotonically with z [38] . However, numerical simulations [39, 40] , indicate that it is adequate to use a constant, scale independent bias at the large BAO scales of our interest.
With the above mentioned assumptions and incorporating redshift space distortions we may express both δ F and δ T as
where α = F and T refer to the Lyman-α forest and 21-cm signal respectively. Here r is the comoving distance corresponding to z, ∆(k) is the matter density contrast in Fourier space and µ =k ·n. We adopt the values C F = −0.13 and β F = 1.58 from the Lyman-α forest simulations of [41] at z = 2.25. [42] have measured the 1-D power spectrum using the Lyman-α auto-correlation, and they present estimates of the redshift evolution of the bias in the z range 2 to 3. This bias, however, has a significant contribution from the statistical errors in the estimated mean fluxF which appears in the definition of δ F (n, z). While this error causes a bias in the auto-correlation, we do not expect it to affect the cross-correlation considered here. To keep the analysis simple, we make the somewhat unrealistic assumption that bias for δ F (n, z) is constant across the redshift range of our interest. While including this is important in the real data analysis, we do not expect this to severely affect the predictions of this paper. We use C T =Tx HI b and β T = f /b which can be calculated for any z for the 21-cm signal [6] . We note that there are large uncertainties in the values of all the four parameters C T , C F , β T and β F arising from our poor knowledge of the state of the diffuse IGM and the systems that harbour bulk of the neutral hydrogen at z ∼ 2.5. A QSO survey (eg. SDSS 1 ), typically, covers a large fraction of the entire sky. In contrast, a radio interferometric array (eg. GMRT 2 usually has a much smaller field of view ( ∼ 1 • ). Only the overlapping region common to both these observations provides an estimate of the cross-correlation signal. We therefore use the limited field of view L × L ( L in radians) of the radio telescope to estimate the cross-correlation signal. Given this constraint, it is a reasonable observational strategy to use several pointings of the radio telescope to cover the entire region of the QSO survey. Each pointing of the radio telescope provides an independent estimate of the cross-correlation signal, which can be combined to reduce the cosmic variance.
We have assumed that the field of view is sufficiently small (L << 1) so that the curvature of the sky may be ignored. In the flat sky approximation, the unit vectorn along any line of sight can be expressed asn =m + θ, wherê m is the line of sight to the centre of the field of view and θ is a two-dimensional (2D) vector on the plane of the sky. We further assume that the redshift range of the observation is restricted to a relatively narrow band B centered at the redshift z. We then have an L × L × B observational volume, and we use the displacement ( θ, ∆z) relative to the center as observational coordinates within this volume. We have the comoving displacement vector ∆r = r θ + ∆rm with ∆r = c∆z/H(z) corresponding to the observational coordinates ( θ, ∆z) .
It is convenient to decompose the observed δ F ( θ, ∆z) and δ T ( θ, ∆z) into Fourier modes whereby
where U is a two dimensional vector conjugate to θ, and τ is conjugate to ∆z. We use the power spectra P αγ (U, τ ) to quantify the statistical properties of the observed fluctuation fields. These power spectra are defined through
and we have
where P (k) is the matter power spectrum and
Here U refers to inverse angular scales and k ⊥ = 2πU/r refers to the component of the Fourier mode k perpendicular to the line of sight, while τ refers to the inverse of ∆z and k = 2πH(z)τ /c refers to the line of sight component of the Fourier mode k. In the subsequent analysis we use P F T (U, τ ) to quantify the statistical properties of the cross-correlation signal. We had earlier, in Paper I [6] , used the multi-frequency angular power spectrum (MAPS, [43] ) to quantify the cross-correlation signal. We note that the multi-frequency angular power spectrum C ℓ (∆z) used earlier is the Fourier transform of the power spectrum P F T (U, τ ) that we use here ie.
with ℓ = 2πU .
The Cross-correlation Estimator
In this section we construct an estimator for P F T (U, τ ), and consider the statistical properties of this estimator. First, we assume that both the Lyman-α forest and the 21-cm observations are pixelized along the ∆z axis into pixels or channels of width ∆z c such that both δ F ( θ, ∆z) and δ T ( θ, ∆z) are measured only at discrete redshifts ∆z n = n∆z c with n = −N c /2 + 1, ..., −2, −1, 0, 1, 2, ..., N c /2.
Here N c + 1 is the total number of channels, and (N c + 1) ∆z c = B is the total redshift interval or the bandwidth spanned by the observations. Considering first the Lyman-α forest, we have, till now, considered δ F ( θ, ∆z n ) as a continuous field defined at all points on the sky. In reality, it is possible to measure this only along a few, discrete lines of sight where there are background quasars. We account for this by defining δ F o ( θ, n). the observed fluctuation in the transmitted Lyman-α flux, as
where δ F N ( θ, n) is the contribution from the pixel noise in the quasar spectra and
is the quasar sampling function. Here a = 1, 2, ..., N refers to the different quasars in the L × L field of view, θ a and w a respectively refer to the angular positions and weights of the individual quasars. We have the freedom of adjusting the weights to suit our convenience. It is possible to change the relative contribution from the individual quasars by adjusting the weights w a . The quasar sampling function ρ( θ) is zero everywhere except the angular position of the different quasars. It is sometimes convenient to express the noise contribution in eq. (3.1) as
where δ F N ( θ a , n) refers to the pixel noise contribution for the different quasars. The faint quasars typically have noisy spectra in comparison to the bright ones. We can take this into account and choose the weights w a so as to increase the contribution from the bright quasars relative to the faint ones, thereby maximizing the SNR for the signal estimator. For the present analysis we have made the simplifying assumption that the magnitude of δ F N ( θ a , n) is the same across all the quasars irrespective of the quasar flux. We have modelled δ F N ( θ a , n) as Gaussian random variables with the noise in the different pixels being uncorrelated ie.
where σ 2 F N is the variance of the pixel noise contribution. It is appropriate to use uniform weights w a = 1 in this situation. Such an assumption is justified in the situation where there exist high SNR measurements of the transmitted flux for all the quasars.
Considering next the sampling function ρ( θ), we assume that the quasars are randomly distributed with no correlation amongst their angular position, and the positions also being unrelated to δ F and δ T . In reality, the quasars do exhibit clustering [44] , however the contribution from the Poisson fluctuation is considerably more significant here and it is quite justified to ignore the effect of quasar clustering for the present purpose. The Fourier transform of ρ( θ) then has the properties that ρ(U) = δ U,0 (3.5) and
which we shall use later. In the subsequent analysis, we also assume that N ≫ 1
where ⊗ denotes a convolution defined as
Using eqs. (2.4), (3.3), (3.4), (3.5), (3.6) and (3.7) we calculate the following statistical properties of ∆ F 0 ,
wheren Q = N/L 2 denotes the quasar density on the sky. It is possible to simplify the sum over U using Parseval's theorem whereby
Here ξ F (∆z) = δ F ( θ a , z 1 )δ F ( θ a , z 1 + ∆z) is the one dimensional (1D) correlation function of the fluctuations in the transmitted flux along individual quasar spectra, and p 1 D (τ ) is the 1D power spectrum corresponding to ξ F (∆z). The 1D correlation ξ F (∆z), or equivalently ξ F (v ), is traditionally used to quantify the Lyman-α forest along quasar spectra, and this has been quite extensively studied [45] [46] [47] . We have
where
Here the term
F N arises due to the discrete quasar sampling. We note that in our work the quasar densityn Q has been assumed to be constant over the redshift range of interest. In reality n Q will exhibit a redshift dependence depending on the quasar luminosity function and the magnitude limit of the quasar survey [48] , and it is necessary to take this into account.
Radio interferometric observations directly measure ∆ T o (U, ∆z n ) which are related to ∆ T o (U, τ ) through a Fourier transform We first considering only ∆ T N (U, ∆z n ) which is the noise contribution to ∆ T o (U, ∆z n ). The noise in different channels and baselines is uncorrelated, and we have
Here N T (U) is the noise power spectrum. For a single polarization and a single baseline, this is given by
where T sys is the system temperature, ∆ν c the frequency interval corresponding to ∆z c , ∆t the integration time and P( θ) is the normalised power pattern of the individual antennas [49] . The exact value of the ratio of the two integrals in eq. (3.17) depend on the antenna design. It is convenient here to express eq. (3.17) as
where N pol is the number of polarizations being used, M (U) the number of baselines in the particular cell corresponding to U, and χ is a factor whose value depends on the antenna beam pattern P( θ). For the purpose of this paper it is reasonable to assume a value χ = 0.5.
we have
We finally consider the cross-correlation for which we have
We use this to define the estimatorÊ(U, τ ) as
The estimator has the property that
ie. it is an unbiased estimator for the cross-correlation signal. We next consider the covariance of the estimator
and we need only consider the variance
which has a value
We use eq. (3.29) along with eqs. (3.14) and (3.21) to calculate the error in the estimated cross-correlation power spectrum.
The Baryon Acoustic Oscillations
The characteristic scale of the BAO is set by the sound horizon s at the epoch of recombination given by s = Here we consider the determination of these two parameters from the BAO imprint on the cross-correlation signal. We now derive formulas to make error predictions for these parameters. We start with the Fisher matrix
where q i refer to the cosmological parameters to be constrained. it is convenient to approximate the sums by integrals using
where L −2 and B −1 are the cell sizes for U and τ respectively, the factor 1/2 is included to account for the fact that (U, τ ) and (−U, −τ ) do not contain independent information and V = r 2 L 2 Bc/H(z) is the observational volume. The integrals have limits defined by | U |≤ U max and −(2∆z
where U max is the largest baseline in the radio interferometric array. We then have the Fisher matrix
which contains cosmological information from a variety of sources including the redshift space distortion and the Alcock-Paczynski effect. In this work we would like to isolate the BAO constraints and ignore everything else. This BAO information is mainly present at small wave numbers with the first peak at roughly k ∼ 0.045Mpc −1 . The subsequent wiggles are well suppressed by k ∼ 0.3Mpc −1 which is within the limits of the k ⊥ and k integrals. It is thus quite justified to ignore the limits of the integral in eq. (4.4) and treat it as an integral over the entire k space. Further, the BAO information is entirely contained in P (k) and not F αγ (µ). We then have
5) The subsequent analysis closely follows [50] , and we refer the reader there for more details. We use P b = P − P c to isolate the baryonic features in the power spectrum, and we use this in the derivative ∂P (k)/∂q i . Here P c refers to the CDM power spectrum without any baryonic features. This gives
where k silk and k nl denotes the scale of 'Silk-damping' and 'non-linearity' respectively. In our analysis we have used k nl = (3.07 h −1 Mpc) −1 and k silk = (7.76 h −1 Mpc) −1 from [50] . Here A is a normalization constant and as parameters in our analysis, and determine the precision at which it will be possible to constrain these using the location of the BAO features in the cross-correlation signal. Following [50] we have the 2 − D Fisher matrix
where f 1 = µ 2 − 1 and f 2 = µ 2 . We use the Cramer-Rao bound δq i = F
−1 ii
to calculate the error in the parameter q i . A combined distance measure D V , also referred to as the "dilation factor" [51]
is often used as a single parameter to quantify BAO observations. We use δD V /D V = 
Observational Considerations
The quasar redshift distribution peaks in the range z = 2 to 3 [52] , and for our analysis we only consider the quasars in this redshift range. For a quasar at a redshift z Q , the region 10, 000 km s −1 blue-wards of the quasar's Lyman-α emission is excluded from the Lyman-α forest due to the quasar's proximity effect. Further, only the pixels at least 1,000 km s −1 red-ward of the quasar's Lyman-β and O-VI lines are considered to avoid the possibility of confusing the Lyman-α forest with the Lyman-β forest or the intrinsic O-VI absorption. For a quasar at the fiducial redshift z Q = 2.5, the above considerations would allow the Lyman-α forest to be measured in the redshift range 1.96 ≤ z ≤ 2.39 spanning an interval ∆z = 0.43.
We consider redshifted 21 cm observations of bandwidth 128MHz covering the frequency range 355 MHz to 483MHz which corresponds to the redshift range 1.94 ≤ z ≤ 3. The Lyman-α forest of any particular quasar will be measured in a smaller interval ∆z ≈ 0.4 which is the deciding factor for the cross-correlation signal. Thus, only a fraction (approximately 40%) of the total number of quasars in this redshift range 2 to 3 will contribute to the crosscorrelation signal at any redshift z. We incorporate this in our estimates by noting thatn Q in eq. (3.14) refers to only 40% of all the quasars in the entire z range 2 to 3.
We now discuss the kind of radio-interferometer that will be required. The response of a radio-interferometric array falls at angular scales that are comparable to the field of view of the individual antenna elements in the array, and it is not sensitive to angular scales that are larger than this field of view. The BAO scale subtends an angle of 1.56 • at z = 2.0 and smaller angles at higher redshifts. In our analysis we consider a radio-interferometric array which has antennas elements that are 2 m × 2 m in dimension. The array has a L = 20 • field of view which is considerably larger than the BAO angular scale.
We next discuss the array layout that would be required to observe the BAO features. In particular, we would like to determine the antenna spacings that are required for the array to be sensitive to the BAO features. The first BAO peak is at roughlyk a ∼ 0.045Mpc −1 , followed by subsequent wiggles whose amplitude is well suppressed within k b ∼ 0.3Mpc −1 . Using d/λ = U = k r/2π, we estimate that the Fourier modes k a and k b correspond to antenna separations d a = 31m and d b = 207m respectively. These figures roughly indicate the range of antenna spacings that would be required in the radio-interferometric array. Based on these considerations we consider a radio interferometric array which has N ann antennas distributed such that all the baselines d within d max = 250 m are uniformly sampled, whereby M (U) is independent of U and we have M (U) ≈ (N ann /250) 2 . Using this in eq. (3.18), assuming T sys = 100 K, N pol = 2, χ = 0.5 we have We have k max = 0.36 Mpc −1 corresponding to d max = 250m. The BAO features are well suppressed within k max , and this is large enough to capture the entire BAO information.
The recent analysis of the BOSS Lyman-α forest auto-correlation [23] has used pixels of width 210 km s −1 for which they find a mean pixel SNR of 5.17. In our analysis we have assumed that the Lyman-α forest and the redshifted 21-cm data are both smoothed to this pixel size which corresponds to ∆z c = 2.45×10 −3 and ∆ν c = 284 kHz, or equivalently a radial separation of 2 h −1 Mpc at z = 2.5. We also assume that all the pixels have the same SNR of 5.17. Finally we note that the noise term in P F F o also depends on ξ F for which we have used the values from [45] .
Results
We present the results combining the entire redshift range into a single bin centered at z = 2.5. We have considered a total sky coverage of ∼ 10, 000deg 2 , which approximately matches the ultimate sky coverage of BOSS and which corresponds to 25 pointings of the 20 • × 20 • field of view of the radio interferometer considered here. The value of the BAO length scale s is well constrained from CMBR observations. We have used the values s ⊥ = s = 1 (in units of the BAO length scale s = 143Mpc) for the reference cosmological model. We use the Fisher matrix (eq. 4.7) to predict the uncertainty in the parameters q 1 = ln(s For the observational framework outlined in Section 5, the Fisher matrix essentially depends on the two observational parametersn Q and N T . To recapitulate,n Q refers to approximately 0.4 times the total angular density of quasars in the redshift range 2 to 3, and N T is the system noise which depends on the number of antennas N ann and the observing time ∆t (eq. 5.1). The limitsn Q → ∞ and N T → 0, which correspond to P F F o → P F F (eq. 3.14) and P T T o → P T T (eq. 3.21) respectively, set the upper bound for the SNR, which also corresponds to the cosmic variance. In this limit, where the SNR depends only on the volume corresponding to the total field of view and the B = 1.0 redshift interval, we have δD V /D V = 0.15%, δH/H = 0.25% and D A /D A = 0.15% which are independent of any of the other observational details. Figure 1 shows contours of δD V /D V as a function ofn Q and N T . The fractional errors decrease very slowly beyondn Q > 50deg −2 or N T < 10 −6 mK 2 at the bottom right corner of the panels, and the cosmic variance limit is reached beyond the range shown in the figure.
The parameter valuesn Q ∼ 6 deg −2 and N T ∼ 4.7× 10 −5 mK 2 , we see, are adequate for a 1% accuracy, whereasn Q ∼ 2 deg −2 and N T ∼ 3 × 10 −3 mK 2 are adequate for a ∼ 10% accuracy in D V . The δD A /D A and δH/H contours which are not shown here exhibit an Q and N T dependence which is very similar to δD V /D V . Typically, it is possible to measure D V at a higher level of precision compared to D A and H for the same set of observational parameters.
Predictions for a BOSS-like survey
The ongoing BOSS [1, 52] has a quasar number density of ≈ 16 deg −2 implyinḡ n Q = 6.4 deg −2 and is expected to cover ∼ 10, 000deg 2 of the sky. It has been predicted that it will be possible to measure the dilation factor with an accuracy of δD V /D V = 1.9% at z = 2.5 from the Lyman-α forest auto-correlation using BOSS [1] . We now consider the cross-correlation signal for a BOSS-like survey. We investigate if it will be possible to improve the accuracy of the distance estimates by using the cross-correlation with redshifted 21-cm observations. As outlined in Section 5, we have used a simple parametrization of the Lyman-α forest survey which very loosely matches some properties of the ongoing BOSS. We first apply our simple model to calculate the errors expected in the distance estimates from the auto-correlation signal for a BOSS-like survey. We use eq. (4.7) suitably modified for the Lyman-α forest auto-correlation. We find that our calculation predicts δD V /D V = 2.0% at z = 2.5 which is in close agreement with the detailed predictions [1] . In the subsequent analysis we consider δD V /D V = 2.0% as the fiducial error estimate for the auto-correlation and investigate if it is possible to improve this accuracy using the cross-correlation.
The sensitivity of the redshifted 21-cm observation is quantified by a single parameter N T . Figure 2 shows how the relative error in the distance estimates from the cross-correlation signal varies with N T . We find that the errors scale as √ N T for N T ≥ 10 −4 mK 2 . It is possible to achieve the fiducial value δD V /D V = 2.0% from the cross-correlation at N T = 2. Figure 3 shows a comparison of the relative errors in D A and H for the three different estimates that can be obtained from the BOSS Lyman-α forest data and 21-cm observations, namely the respective auto-correlations and the cross-correlation. Note that each of the three estimates has a different sensitivity to the radial and transverse BAO signal, whereby the respective 1 − σ ellipses are differently oriented. The relatively large value of β F for the Lyman-α forest make it more sensitive to the radial clustering. In contrast, the 21-cm is more sensitive to the transverse signal whereas the cross-correlation is oriented between the two auto-correlations. We find that it is possible to significantly increase the sensitivity relative to the BOSS Lyman-α forest auto-correlation by considering the cross-correlation with 21-cm observations. Note that it is particularly advantageous to use the cross-correlation in a situation where the two auto-correlations have comparable sensitivities ( N T = 10 −4 mK 2 in this case). In such a situation we see that the cross-correlation provides more sensitive distance estimates compared to both the individual auto-correlation.
We now discuss the configuration of the radio-interferometric array and the observation time that will be required. It is necessary to balance the number of antennas N ann and the total observing time T obs which is divided over 25 pointings ie. ∆t = T obs /25 in eq. (5.1). An array with N ann = 2, 000 antennas will achieve N T = 3.1 × 10 −5 mK 2 with 2 years of observation. With such an observation the cross-correlation will yield distance estimates with (δD V /D V , δD A /D A , δH/H) = (1.2, 1.4, 1.3) % which is a 1.7 fold increase in the sensitivity relative to the BOSS Lyman-α forest auto-correlation. It is necessary to increase the number of antennas for a significant improvement beyond this. Considering an array with N ann = 4, 000 antennas, it will be possible to achieve N T = 3.9 × 10 −6 mK 2 with 4 years of observation. This will yield distance estimates with (δD V /D V , δD A /D A , δH/H) = (0.64, 0.74, 0.71) % which is a 2.7 fold increase in the sensitivity relative to the BOSS Lyman-α forest autocorrelation. Finally, we find that the sensitivity of the cross-correlation with the BOSS Lyman-α forest does not increase beyond (δD V /D V , δD A /D A , δH/H) = (0.53, 0.61, 0.62) % irrespective of the number of antennas or the total observing time.
The BIGBOSS [53] has been conceived as the successor to BOSS. BIG-BOSS may achieve a quasar density of ∼ 64 deg −2 which corresponds ton Q = 25.6 deg −2 . Our simple parametrization of the Lyman-α forest predicts δD V /D V = 0.66 % for the auto-correlation signal assuming 5 − σ SNR for all the spectra. This implies that the sensitivity of the auto-correlation signal increase by a factor of ∼ 3 if the QSO number density is increased fromn Q = 6.4 deg −2 ton Q = 25.6 deg −2 . Considering the cross-correlation signal, we have, for N T = 1.0 × 10 −5 mK 2 , (δD V /D V , δD A /D A , δH/H) = (0.39, 0.44, 0.47)% . We find that there is a ∼ 1.7 fold increase in the sensitivity of the cross-correlation signal if we consider BIGBOSS instead of BOSS. This increase in sensitivity is approximately independent of the value of N T .
In conclusion, our calculation indicates that it is possible to significantly increase the accuracy of the distance estimates by considering the cross-correlation signal. However, more detailed and realistic modelling of the Lyman-α data and the 21-cm observations are needed. We expect the predictions of the present analysis to serve as a useful signpost which indicates the direction for future work.
